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Abstract
We introduce the concept of fuzzy sheaf as a natural generalisation of a sheaf over a topological
space in the context of fuzzy topologies. Then we prove a representation for a class of MV-
algebras, that we called “locally retractive”, in which the representing object is an MV-sheaf
of lattice-ordered Abelian groups, namely, a fuzzy sheaf in which the base (fuzzy) topological
space is an MV-topological space and the stalks are Abelian ℓ-groups. Last, we show that any
MV-algebra is embeddable in a locally retractive algebra and, therefore, in the algebra of global
sections of one of such sheaves.
1 Introduction
MV-topological spaces are fuzzy topological spaces in which Łukasiewicz t-norm and
t-conorm paly the role of strong intersection and union of fuzzy sets. They were intro-
duced by the second author [25] with the aim of extending Stone duality to semisimple
MV-algebras. Many basic notions and results of general topology have been succefully
extended to MV-topologies in [25] and [8], and the results obtained so far indicate that
MV-topological spaces constitute a pretty well-behaved fuzzy generalization of classi-
cal topological spaces.
In this paper, we extend the concept of sheaf to fuzzy topological spaces with partic-
ular emphasis to the class of MV-topological spaces; then we represent a class of MV-
algebras as MV-sheaves of lattice-ordered Abelian groups. More precisely, we show
that every locally retractive MV-algebra, namely, every MV-algebra whose quotients
on certain ideals have retractive radicals, is isomorphic to the algebra of global sections
of an MV-sheaf of ℓ-groups. Our representation is strongly connected to Filipoiu and
Georgescu’s sheaf representation for MV-algebras [17]. Indeed, from a strictly alge-
braic viewpoint, we use essentially the same tool, that is, the fact that any MV-algebra
A is subdirectly embeddable in the product of a family of local MV-algebras.
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However, our representation differs from the one in [17] in the way the “information
is encoded”. In Filipoiu and Georgescu’s representation, each MV-algebra is obtained
as an algebra of global sections of a (classical) sheaf over the maximal spectrum of the
algebra and whose stalks are local MV-algebras. So, grossly speaking, we can say that
each element of the algebra is represented as an open set of maximal ideals, carrying
just the Boolean information, with an element of a local MV-algebra attached to each
of its points, the latter encoding the “non-idempotent” part. In our representation, the
base space is the maximal MV-spectrum (see [25]) and is in charge of encoding the
whole semisimple skeleton of the given algebra, while the stalks only carry the non-
semisimple (or infinitesimal) information of the elements of the algebra. Therefore,
using the same description, each element of the algebra is a fuzzy open set along with
ℓ-group elements attached to its (fuzzy) points; the fuzzy points of the open set form
the semisimple part and the group elements represent exclusively the infinitesimal one.
As already stated, such an MV-sheaf representation is given for locally retractive
MV-algebras, which seems to be a pretty strong limit, but it is not really so, since
we also prove that any MV-algebra can be embedded in a locally retractive algebra
(Corollary 7.6), and therefore in the algebra of global sections of an MV-sheaf of
Abelian ℓ-groups (Corollary 7.7). In this respect, Theorem 6.3 plays a key role, to-
gether with [11, Theorem 4.5].
Throughout the paper, unless otherwise specified, we refer the reader to [5] for any
definition about MV-algebras not explicitly reported here.
2 MV-algebra ideals and lexicographic MV-algebras
In this preliminary section we shall recall some notions and results on MV-algebras,
mainly from [16] and [9]. For all the very basic facts on MV-algebras, we refer the
reader to [5]
Given an MV-algebra 〈A,⊕,∗ , 0〉, an ideal of A is a downward closed submonoid of
〈A,⊕, 0〉. It is well-known that congruences and ideals of MV-algebras are in bijective
correspondence, namely, that each ideal of an algebra A is the class of 0 for exactly
one congruence of A. Maximal ideals are ideals which are maximal w.r.t. the inclusion
relation in the set of all ideals of A, while a prime ideal is any ideal I such that, for all
a, b ∈ A, if a∧ b ∈ I, then at least one of the two elements of the algebra is in I. SpecA
and Max A denote the sets of, respectively, prime and maximal ideals of A. Note that
Max A ⊆ SpecA, and the equality does not hold in general. The radical of A is the
intersection of all maximal ideals; it is denoted by Rad A. We also denote by Min A the
set of minimal prime ideals of A.
An MV-algebra is called local if it has a unique maximal ideal (which, conse-
quently, is also the radical). All totally ordered MV-algebras (MV-chains) are local.
All the quotients of an MV-algebra over a prime ideal are chains, and therefore local.
An ideal I of A is called primary if A/I is a local algebra, hence, all prime ideals are
primary, while the converse is not true in general.
Let A be an MV-algebra and P a prime ideal of A. The set
OP =
⋂
{Q ∈ Min A | Q ⊆ P}. (1)
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is obviously an ideal of A. It is immediate to verify that OP =
⋂
{Q ∈ Spec A | Q ⊆ P},
for all P ∈ Spec A.
Proposition 2.1. [16] For each P ∈ SpecA, OP =
⋃
{a⊥ : a < P}, where a⊥ = {b ∈
A : a ∧ b = 0}.
Proposition 2.2. [16] For each P ∈ SpecA, the ideal OP is primary.
Remark 2.3. Every prime ideal of an MV-algebra A is contained in a maximal ideal,
hence
⋂
M∈Max A OM =
⋂
SpecA = {0}. Then, by Universal Algebra, there exists a
subdirect embedding of A into
∏
M∈Max A A/OM. Such an embedding will be the main
algebraic tool of our representation.
We recall that a partially-ordered Abelian group is an Abelian group (G,+,−, 0)
endowed with a partial order relation ≤ which is compatible with the sum. The positive
cone G+ of G is the set {x ∈ G | 0 ≤ x}, while the negative cone G− is (−G+), i.e.,
the set of all the elements of G which are ≤ 0. When the order relation is total, G is
called a totally-ordered Abelian group (o-group for short), and if the order of G is a
lattice order the group is called a lattice-ordered Abelian group (ℓ-group henceforth).
An element u ∈ G is a strong (order) unit if u ≥ 0 and, for every x ∈ G there is a natural
number n such that x ≤ nu. An ℓ-group (respectively: an o-group)G with a strong unit
u is called a unital ℓ-group (ℓu-group) (resp.: unital o-group, ou-group) and is usually
denoted by (G, u).
Definition 2.4. An ideal I of an MV-algebra A is called retractive if the natural projec-
tion A→ A/I is a retraction. I is called lexicographic if the following hold:
(LMV1) I , {0},
(LMV2) I is strict, i.e., ∀a, b ∈ A(a/I < b/I =⇒ a < b),
(LMV3) I is retractive,
(LMV4) I is prime,
(LMV5) ρ ≤ x ≤ ρ∗, for any ρ ∈ I and any x ∈ A \ 〈I〉.
The set of all lexicographic ideals of A is denoted by Lex Id(A).
Definition 2.5. An MV-algebra A is called lexicographic if Lex Id(A) , ∅.
Theorem 2.6. [9, Theorem 4.1] The following are equivalent:
(a) A is a lexicographic MV-algebra,
(b) there exists an ou-group (H, u) and a non-trivial ℓ-group G such that
A  Γ(H ×lex G, (u, 0)).
This representation theorem says that the class of lexicographic MV-algebras is
the largest class of MV-algebras which can be represented, via Mundici’s functor Γ
(see [5, Section 2.1] or [22]), as lexicographic products of ou-groups and non-trivial
ℓ-groups, with strong unit of the form (u, 0). We recall here a sketch of the proof in
order to provide the reader with some technical tools that will be used later.
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Proof. (Sketch)
⇒) It follows from [9, Proposition 3.1].
⇐) Let A be a lexicographic MV-algebra and I a lexicographic ideal of A. We have
the following:
– Let δI be the retraction of the canonical projection πI : A −→ A/I.
– Let S I = δI(A/I) the MV-subalgebra of A which is isomorphic to A/I.
– For any a ∈ A, set sa = δI(πI(a)) as the unique element of S I such that
[sa]I = [a]I.
– Set εa = a ⊙ s
∗
a and τa = a
∗ ⊙ sa.
– There exist an isomorphism of MV-algebras ζI : S I −→ Γ(H, u) and an
isomorphism of lattice-ordered monoids ηI : I −→ G+.
– Let (H, u)  Γ−1(A/I) andG  ∆−1(〈I〉)
The function fI : A −→ Γ(H ×lex G, (u, 0)) defined by
fI(a) = (ζI(sa), ηI(εa) − ηI(τa)) , for any a ∈ A
is an isomorphism of MV-algebras.

Corollary 2.7. If A is a lexicographic MV-algebra the following are equivalent:
(1) Rad A ∈ Lex Id(A),
(2) there exists an ℓu-subgroup (R′, 1) of (R, 1) and a non-trivial ℓ-group G such that
A  Γ(R′ ×lex G, (1, 0)).
Moreover, if the above equivalent conditions are satisfied the ℓu-subgroup (R′, 1) of
(R, 1) and the ℓ-group G are uniquely determined, up to isomorphisms.
In [9], the authors also showed the following inclusions which give an interesting
classification of some classes of MV-algebras:
Perfect ⊂ Local with retractive radical ⊂ Lexicographic ⊂ Local.
3 MV-Topological Spaces
Both crisp and fuzzy subsets of a given set will be identified with their membership
functions and usually denoted by lower case latin or greek letters. In particular, for any
set X, we shall use also 1 and 0 for denoting, respectively, X and ∅. In some cases,
we shall use capital letters in order to emphasize that the subset we are dealing with is
crisp.
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AnMV-topological space is basically a special fuzzy topological space in the sense
of C. L. Chang [4] and most of the definitions and results of the present subsection
are simple adaptations of the corresponding ones of the aforementioned work to the
present context or directly derivable from the same work or from the results presented
in the papers [18–21, 23, 24, 26, 27].
Definition 3.1. Let X be a set, A the MV-algebra [0, 1]X and τ ⊆ A. We say that (X, τ)
is an MV-topological space (or MV-space) if τ is a subuniverse both of the quantale(
[0, 1]X,
∨
,⊕
)
and of the semiring
(
[0, 1]X,∧,⊙, 1
)
. More explicitly, (X, τ) is an MV-
topological space if
(i) 0, 1 ∈ τ,
(ii) for any family {oi}i∈I of elements of τ,
∨
i∈I oi ∈ τ,
and, for all o1, o2 ∈ τ,
(iii) o1 ⊙ o2 ∈ τ,
(iv) o1 ⊕ o2 ∈ τ,
(v) o1 ∧ o2 ∈ τ.
τ is also called an MV-topology on X and the elements of τ are the open MV-subsets
of X. The set τ∗ = {o∗ | o ∈ τ} is easily seen to be a subquantale of
(
[0, 1]X,
∧
,⊙
)
(where
∧
has to be considered as the join w.r.t. to the dual order ≥ on [0, 1]X) and a
subsemiring of
(
[0, 1]X,∨,⊕, 0
)
, i.e., it verifies the following properties:
− 0, 1 ∈ τ∗,
− for any family {ci}i∈I of elements of τ
∗,
∧
i∈I ci ∈ τ
∗,
− for all c1, c2 ∈ τ
∗, c1 ⊙ c2, c1 ⊕ c2, c1 ∨ c2 ∈ τ
∗.
The elements of τ∗ are called the closed MV-subsets of X.
Let X and Y be sets. Any function f : X −→ Y naturally defines a map
f
 
: [0, 1]Y −→ [0, 1]X
α 7−→ α ◦ f .
(2)
Obviously f
 
(0) = 0; moreover, if α, β ∈ [0, 1]Y , for all x ∈ X we have f
 
(α ⊕
β)(x) = (α ⊕ β)( f (x)) = α( f (x)) ⊕ β( f (x)) = f
 
(α)(x) ⊕ f
 
(β)(x) and, analogously,
f
 
(α∗) = f
 
(α)∗. Then f
 
is an MV-algebra homomorphism and we shall call it
the MV-preimage of f . The reason of such a name is essentially the fact that f
 
can
be seen as the preimage, via f , of the fuzzy subsets of Y. From a categorical viewpoint,
once denoted by Set, Boole and MV the categories of sets, Boolean algebras, and
MV-algebras respectively (with the obvious morphisms), there exist two contravariant
functorsP : Set −→ Booleop and F : Set −→MVop sending each map f : X −→ Y,
respectively, to the Boolean algebra homomorphism f← : P(Y) −→ P(X) and to the
MV-homomorphism f
 
: [0, 1]Y −→ [0, 1]X.
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Moreover, for any map f : X −→ Y we define also a map f→ : [0, 1]X −→ [0, 1]Y
by setting, for all α ∈ [0, 1]X and for all y ∈ Y,
f→(α)(y) =
∨
f (x)=y
α(x). (3)
Clearly, if y < f [X], f→(α)(y) =
∨
∅ = 0 for any α ∈ [0, 1]X.
Definition 3.2. [4] Let (X, τX) and (Y, τY ) be two MV-topological spaces. A map
f : X −→ Y is said to be
• continuous if f
 
[τY ] ⊆ τX ,
• open if f→(o) ∈ τY for all o ∈ τX ,
• closed if f→(c) ∈ τ∗
Y
for all c ∈ τ∗
X
• anMV-homeomorphism if it is bijective and both f and f −1 are continuous.
We can use the same words of the classical case because, as it is trivial to verify,
if a map between two classical topological spaces is continuous, open, or closed in the
sense of the definition above, then it has the same property in the classical sense.
Definition 3.3. [29] As in classical topology, we say that, given an MV-topological
space (X, τ), a subset B of [0, 1]X is called a base for τ if B ⊆ τ and every open set of
(X, τ) is a join of elements of B.
Lemma 3.4. [25] Let (X, τX) and (Y, τY ) be two MV-topological spaces and let B be a
base for τY . A map f : X −→ Y is continuous if and only if f
 
[B] ⊆ τX .
A covering of X is any subset Γ of [0, 1]X such that
∨
Γ = 1 [4], while an additive
covering (⊕-covering, for short) is a finite family {αi}
n
i=1
of elements of [0, 1]X, n < ω,
such that α1 ⊕ · · · ⊕ αn = 1. It is worthwhile remarking that we used the expression
“finite family” in order to include the possibility for such a family to have repetitions.
In other words, an additive covering is a finite subset {α1, . . . , αk} of [0, 1]
X, along with
natural numbers n1, . . . , nk, such that n1α1 ⊕ · · · ⊕ nkαk = 1.
Definition 3.5. An MV-topological space (X, τ) is said to be compact if any open cov-
ering of X contains an additive covering; it is called strongly compact if any open
covering contains a finite covering.1
Definition 3.6. Let (X, τ) be an MV-topological space. X is called a Hausdorff (or
separated) space if, for all x , y ∈ X, there exist ox, oy ∈ τ such that
(i) ox(x) = oy(y) = 1,
(ii) ox ∧ oy = 0.
1 What we call strong compactness here is called simply compactness in the theory of lattice-valued fuzzy
topologies [4].
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4 The Maximal Spectrum and MV-Spectrum of an MV-algebra
In the present section, we shall recall the Zariski topology on the set Max A of maximal
ideals of an MV-algebra A; then we shall see the MV-topology defined in [25] on the
same set and how the two spaces are related to each other. In order to do that, let us
first consider the set SpecA of all prime ideals of A.
For any ideal I of A, let
r(I) = {P ∈ Spec A : I * P} (4)
Then the set τ = {r(I) : I ∈ Id(A)} is the family of open set of a topology on SpecA.
Indeed,
(i) r({0}) = ∅,
(ii) r(A) = Spec A,
(iii) r(I ∧ J) = r(I) ∩ r(J) for all I, J ∈ Id(A),
(iv) r(
∨
{Iλ : λ ∈ Λ}) =
⋃
{r(Iλ) : λ ∈ Λ} for any {Iλ : λ ∈ Λ} ⊆ Id(A).
In the sequel, τ will be referred to as the spectral topology or the Zariski topology.
Now, for any a ∈ A, let
r(a) = {P ∈ SpecA : a < P}. (5)
We have the following properties.
Lemma 4.1. [14]
(i) r(a) = r((a]) for any a ∈ A,
(ii) r(0) = ∅,
(iii) r(1) = Spec A,
(iv) r(a ∨ b) = r(a ⊕ b) = r(a) ∪ r(b), for all a, b ∈ A,
(v) r(a ∧ b) = r(a) ∩ r(b), for all a, b ∈ A,
(vi) r(I) =
⋃
{r(a) : a ∈ I}, for any I ∈ Id(A).
By Lemma 4.1(i,vi), {r(a) : a ∈ A} is a basis for the topology τ. It is well-known
also that the compact open subsets of SpecA are exactly the sets of the form r(a) for
some a ∈ A. In particular, Spec A is compact because r(1) = SpecA (see [14]).
For each a ∈ A, the set
H(a) := {P ∈ SpecA : a ∈ OP}
is an open set of SpecA [16, Lemma 3.6].
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Since Max A ⊆ SpecA we can endow Max A with the topology induced by the
spectral topology τ on SpecA. This means that the open sets of Max A are
R(I) = r(I) ∩Max A = {M ∈ Max A : I * M}
So, for any a ∈ A and I ∈ Id A
R(a) = r(a) ∩Max A = {M ∈ Max A : a < M} and R(I) =
⋃
{R(a) : a ∈ I}
Hence the family {R(a) : a ∈ A} is a basis for the induced topology on Max A. The set
of opens in Max A will be denoted by O(Max A).
By [14, Theorem 3.6.10], we have that for any MV-algebra A the maximal ideal
space, Max A, is a compact Hausdorff topological space with respect to the topology
induced by the spectral topology on SpecA.
It is very well-known [1, 2] that, for any MV-algebra A, there exists a canonical
homomorphism ι : A → [0, 1]MaxA, where Max A is the set of maximal ideals of A.
Such a homomorphism is defined as follows:
• for each M ∈ Max A, there is the natural projection πM : A −→ A/M;
• for any M ∈ Max A, A/M is a simple MV-algebra and, therefore, is isomorphic
to a subalgebra of [0, 1], i.e., there exists a (unique) embedding ιM : A/M −→
[0, 1];
• the morphism ι : A −→ [0, 1]MaxA associates, to each a ∈ A, the fuzzy subset â
of Max A defined by â(M) = ιM(πM(a)) = ιM(a/M) for all M ∈ Max A.
The kernel of ι is exactly Rad A, and the homomorphism ι is an embedding if and only
if A is a semisimple algebra. So, for any MV-algebra A, A/RadA is isomorphic to a
subalgebra A′ of [0, 1]MaxA. Therefore, A′ is a covering of Max A and, since it is a
subalgebra of [0, 1]MaxA, it is closed under ⊕, ⊙ and ∧. Then it is a base for an MV-
topology on Max A. In the following results we shall often identify any semisimple
MV-algebra A with its isomorphic image included in [0, 1]MaxA; so any element a of a
semisimple MV-algebra will be identified with the fuzzy set â. The reader may refer
to [1–3, 5] for further details.
Definition 4.2. [25] Themaximal MV-spectrum of A is the MV-topology τA on Max A
whose base is the image A′ of the morphism ι.
Proposition 4.3. Let A be an MV-algebra and (MaxA, τA) be the associated MV-
topological space. For each basic fuzzy open b̂ ∈ τA, R(b) = supp(̂b).
Consequently, the Zariski topology on Max A, as an MV-topology, is coarser than
τA.
Proof. In fact, for each M ∈ Max A, b̂(M) = b
M
= 0 if and only if b ∈ M. That is,
M ∈ supp b̂ iff b̂(M) = b
M
> 0 iff b < M iff M ∈ R(b). The second statement follows
from the first one and [8, Proposition 3.5] 
Proposition 4.4. For each a ∈ A, the set H(a) = {M ∈ Max A : a ∈ OM} is an element
of τA.
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Proof. We will prove that H(a) is the support of a fuzzy open of τA. If M ∈ H(a) then
a ∈ OM , so by Proposition 2.1 there exists bM < M such that a ∧ bM = 0. That is,
M ∈ R(bM) = supp
(
b̂M
)
. Let us see that
H(a) = supp
 ∨
M∈H(a)
b̂M
 .
In fact, if N ∈ H(a) then there exists bN such that bN < N and a∧bN = 0, then b̂N(N) >
0, and therefore
(∨
M∈H(a) b̂M
)
(N) =
∨
M∈H(a) b̂M(N) > 0, i.e, N ∈ supp
(∨
M∈H(a) b̂M
)
.
For the other inclusion, if
(∨
M∈H(a) b̂M
)
(N) > 0 then there exists b̂M with M ∈ H(a)
such that b̂M(N) > 0, i.e., bM < N and a ∧ bM = 0, then a ∈ ON and therefore
N ∈ H(a). 
5 MV-sheaves
Let (X, τ) be an MV-topological space. The poset of open fuzzy subsets τ ⊆ [0, 1]X,
with the fuzzy inclusion ≤, can be viewed as a category in the usual manner, namely, τ
is the object class and, for all α, β ∈ τ, there is exactly one morphism α −→ β if α ≤ β,
there are none otherwise.
Definition 5.1. Let (X, τ) be an MV-topological space and let C be a category. An
MV-presheaf of Obj(C) on X is a contravariant functor F : τ −→ C, that is:
(i) for each fuzzy open set α in τ, F(α) is an object of C, called the set of sections of
F over α;
(ii) for each pair of fuzzy open sets β ≤ α in τ, the image of the morphism β −→ α is
the so-called restriction map ρα
β
: F(α) −→ F(β) with the following properties:
(a) ραα = idF(α) , for all α;
(b) ραγ = ρ
β
γ ◦ ρ
α
β
, whenever γ ≤ β ≤ α in τ.
Definition 5.2. Let F and G be MV-presheaves of Obj(C) over (X, τ). A morphism of
MV-presheaves from F to G is a natural transformation f : F =⇒ G, that is, a family
{ f (α) : F(α) −→ G(α)}α∈τ such that, whenever β ≤ α are open fuzzy sets in τ, the
diagram
F(α)
f (α)
//
ρα
β

G(α)
ρ′α
β

F(β)
f (β)
// G(β)
commutes.
Example 5.3. Let A be a fixed object in the category C and (X, τX) be an MV-space.
We define the constant MV-presheaf AX : τX −→ C on (X, τX), by setting:
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• AX(α) = A for all α in τX , and
• ρα
β
= idA : AX(α) −→ AX(β) for β ≤ α in τX .
Example 5.4. Let (X, τX) and (Y, τY) be MV-topological spaces. Let us consider C
Y :
τX → Set defined by
CY (α) = { f : supp(α) −→ Y | f is continuous},
with ρα
β
: CY (α) −→ CY (β) such that ρα
β
( f ) = f↾supp(β) for β ≤ α in τX . C
Y is an
MV-presheaf of sets over X. Note that supp(β) ⊆ supp(α) if β ≤ α.
Definition 5.5. An MV-presheaf of sets over the MV-topological space (X, τX) satisfy-
ing the following two conditions is called anMV-sheaf of Obj(C).
(i) If α is a fuzzy open set of X and the family {αi}i∈I ⊆ [0, 1]
X is an open covering
of α, i.e., α =
∨
i∈I αi, and s, s
′ ∈ F(α) are two sections of F such that for all i ∈ I
ρααi (s) = ρ
α
αi
(s′)
then s = s′.
(ii) If α is a fuzzy open set of X and the family {αi}i∈I ⊆ [0, 1]
X is an open covering
of α; and if there is a family {si}i∈I of sections of F with si ∈ F(αi) for all i ∈ I,
such that for all i, j ∈ I
ρ
αi
αi∧α j
(si) = ρ
α j
αi∧α j
(s j)
then there is s ∈ F(α) such that for all i ∈ I
ρααi (s) = si.
In other words, if the system (si)i∈I is given on a covering and is consistent on all of the
overlaps, then it comes from a section over all of the α’s.
Definition 5.6. If F,G are MV-sheaves of Obj(C) and f : F =⇒ G is an MV-presheaf
morphism, we also call f a morphism of MV-sheaves.
Example 5.7. The MV-presheaf CY , described in the Example 5.4, is an MV-sheaf.
Let us see that CY satisfies the two conditions Definition 5.5.
Let α be a fuzzy open set of X and let {αi}i∈I ⊆ [0, 1]
X be an open covering of α,
i.e., α =
∨
i∈I αi,
(i) let f , f ′ ∈ CY (α) be two sections of CY such that for all i ∈ I,
ρααi ( f ) = ρ
α
αi
( f ′),
that is,
f↾supp(αi) = f
′
↾supp(αi)
where f , f ′ : supp(α)→ Y.
Note that
⋃
i∈I supp(αi) = supp(α) because α =
∨
i∈I αi. Let us see that f = f
′.
If x ∈ supp(α), then there exists i ∈ I such that x ∈ supp(αi), so
f (x) = f↾supp(αi)(x) = f
′| supp(αi)(x) = f
′(x)
then f = f ′.
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(ii) For the second condition, suppose that there is a family { fi}i∈I of sections of C
Y
with fi ∈ C
Y (αi) for all i ∈ I, such that for all i, j ∈ I
ρ
αi
αi∧α j
( fi) = ρ
α j
αi∧α j
( f j)
We define f :=
⋃
i∈I fi : supp(α) −→ Y by f (x) = fi(x) if x ∈ supp(αi) = dom( fi).
We know that supp(α) =
⋃
i∈I supp(αi), then f is well defined because for all
i, j ∈ I, x ∈ supp(αi) ∩ supp(α j) iff x ∈ supp(αi ∧ α j), and by hypothesis
fi↾supp(αi∧α j)(x) = f j↾supp(αi∧α j)(x)
where fi : supp(αi) −→ Y and f j : supp(α j) −→ Y. It is clear that f↾supp(αi) = fi,
for each i ∈ I.
Now, let us prove that f is continuous.
Let γ ∈ τY , and let us prove that γ ◦ f ∈ τsupp(α). For each i ∈ I, γ ◦ fi ∈ τsupp(αi),
i.e., γ ◦ fi = β ∧ supp(αi) with β ∈ τX . As supp(αi) = supp(αi) ∧ supp(α), then
γ ◦ fi = β ∧ supp(αi) ∧ supp(α). Thus, for each i ∈ I, γ ◦ fi ∈ τsupp(α) because
β ∧ supp(αi) ∈ τX . Therefore, γ ◦ f =
∨
i∈I(γ ◦ fi) ∈ τsupp(α).
Definition 5.8. A directed set I is a set with a pre-order≤which satisfies the following:
(a) for all i, j ∈ I, there exists k ∈ I such that i ≤ k and j ≤ k.
A direct system of sets indexed by a directed set I is a family {αi}i∈I of sets together
with maps ρi j : αi −→ α j, for each i ≤ j ∈ I, satisfying
(b) For all i ∈ I, ρii = idαi ;
(c) For all i, j, k ∈ I, i ≤ j ≤ k implies ρik = ρ jk ◦ ρi j.
Let F be an MV-presheaf of Obj(C) over an MV-topological space (X, τ) and fix
x ∈ X. Then {F(α) : x ∈ supp(α)}, forms a direct system with maps ρα
β
: F(α) −→ F(β),
whenever β ≤ α, and x ∈ supp(β) ⊆ supp(α). We have the following definition:
Definition 5.9. TheMV-stalk Fx of F at x is
lim
x∈supp(α)
F(α),
which comes equipped with maps F(α) −→ Fx such that s 7−→ sx whenever x ∈
supp(α) for α ∈ τ. The members of Fx are also called germs (of sections of F).
Definition 5.10. Let (X, τX) be an MV-topological space. An MV-sheaf space over X
is a triple (E, p, X) where (E, τE) is an MV-topological space and p : E −→ X is a
local MV-homeomorphism, that is, p is continuous and, for all x ∈ E, there exists an
open fuzzy set α ∈ τE such that α(x) > 0 and an open fuzzy set β ∈ τX such that
p↾supp(α) : supp(α) −→ supp(β) is an MV-homeomorphism.
A morphism of MV-sheaf spaces over X, f : (E, p, X) −→ (E′, p′, X), is a continu-
ous map f : E −→ E′ such that p = p′ ◦ f .
We can construct an MV-sheaf of sets from an MV-sheaf space and reciprocally,
we can construct an MV-sheaf space from an MV-sheaf. These constructions follow
the canonical rules of sheaf theory on topological spaces (see [7, 28]).
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6 Locally retractive MV-algebras
In this section we will define the class of locally retractive MV-algebras, which are
the algebras that will be isomorphically represented by MV-sheaves of ℓ-groups, and
we shall discuss some properties of such algebras, along with their relationship with
lexicographic MV-algebras. We recall that an MV-algebra A is said to have retractive
radical if the natural projection p : A→ A/Rad A is a retraction, i.e., if there exists an
embedding j : A/Rad A → A such that p ◦ j = idA/RadA. We shall prove that algebras
with retractive radical are locally retractive (Theorem 6.3) while the converse is not
true (Example 6.4). However, we will also give a necessary and sufficient condition
under which a locally retractive MV-algebra has retractive radical (Theorem 6.5).
Definition 6.1. An MV-algebra A is called locally retractive if, for all M ∈ Max A,
A/OM has retractive radical. We shall denote by MV
lr the full subcategory of MV
whose objects are the locally retractive algebras.
Before proving the next results, we recall that, for any MV-algebra A and for each
M ∈ Max A, Rad(A/OM) = M/OM and, therefore,
A/OM
Rad(A/OM)
 A/M.
Lemma 6.2. If A 
∏
M∈Max A A/OM, then A ∈ MV
lr if and only if it has retractive
radical.
Proof. If A is locally retractive let, for each M ∈ Max A, jM : A/M → A/OM be the
right-inverse to the natural projection pM , and let us consider the following diagram:
A/RadA _
i′


j
//❴❴❴❴❴❴❴❴❴
A
p
oooo _
i
∏
M∈Max A
A/M  
j′
//
∏
M∈Max A
A/OM
p′
oooo
(6)
where i and i′ are the canonical subdirect embeddings – which are actually isomor-
phisms in this case, by hypothesis – and
j′ ((a/M)M∈Max A) = (( jM(a/M))M∈Max A , p
′ ((a/OM)M∈MaxA) = ((pM(a/OM))M∈Max A .
Then the embedding of A/Rad A into A is given by
j : a/Rad A ∈ A/Rad A 7→ (i−1 ◦ j′ ◦ i′)(a/RadA) ∈ A
.
Conversely, with reference again to diagram (6) and assuming that j exists, let us
observe that, for all M ∈ Max A,
• i[M] = M/OM ×
∏
N∈Max A\{M}
A/ON ,
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• Rad
( ∏
N∈Max A
A/ON
)
= i[Rad A] =
∏
N∈Max A
N/ON , and
• i[OM] = {0} ×
∏
N∈Max A\{M}
A/ON .
Then it is clear that, with our hypotheses, we get i[M] = i[OM]⊕i[Rad A] and, therefore,
M = OM ⊕ Rad A. Now, for each maximal ideal M, let
jM : a/M ∈ A/M 7→
j(a/RadA)
OM
∈ A/OM. (7)
For all a, b ∈ A and M ∈ Max A, we have:
a/M = b/M ⇐⇒ a
OM⊕RadA
= b
OM⊕RadA
⇐⇒
a/RadA
OM/RadA
=
b/RadA
OM/RadA
⇐⇒
j(a/Rad A)
OM
=
j(b/Rad A)
OM
,
whence each jM is well-defined and injective. Since it is obviously a homomorphism,
it follows that A/OM has retractive radical for all M ∈ Max A, i.e., A ∈ MV
lr. 
Theorem 6.3. If an MV-algebra A has retractive radical, then it is locally retractive.
Proof. We shall prove that
∏
M∈Max A A/OM has retractive radical, then the assertion
will follow from Lemma 6.2. Let us refer again to diagram (6), but keeping in mind
that now i and i′ are subdirect embeddings but not necessarily isomorphisms, and
that j exists, while we want to prove that j′ exists too. For all (aM/OM)M∈Max A ∈∏
M∈Max A A/OM, and for all M ∈ Max A, since i is a subdirect embedding, there exists
a′
M
∈ A such that
j(a′
M
/Rad A)
OM
= aM/M.
We set
j′ : (aM/M)M∈Max A ∈
∏
M∈Max A
A/M 7→
(
j(a′
M
/Rad A)
OM
)
M∈Max A
∈
∏
M∈Max A
A/OM,
and we have
(aM/M)M∈Max A = (bM/M)M∈Max A ⇐⇒
∀M ∈ Max A (aM/M = bM/M) ⇐⇒
∀M ∈ Max A
(
j(a′
M
/RadA)
OM
=
j(b′
M
/Rad A)
OM
)
⇐⇒
j′ ((aM/M)M∈Max A) = j
′ ((bM/M)M∈Max A) .
It follows that j′ is a well-defined injective map; since it is obviously a homomorphism
too, then
∏
M∈Max A A/OM has retractive radical, whence, A/OM has retractive radical
for all M ∈ Max A. The assertion is proved.

The following example shows that the converse of Theorem 6.3 does not hold.
Example 6.4. Let K3 be the Komori chain of rank 3, i.e., K3 = Γ(Z ×lex Z, (2, 0)),
and let X be an arbitrary infinite set. K3 has obviously retractive radical as well as
KX
3
by an easy application of Lemma 6.2. Observe that the universe of K3 is the set
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({0} ×N) ∪ ({1} × Z) ∪ ({2} × −N), where −N is the set of non-positive integers. Let us
also denote by O and E, respectively, the sets of odd and even integers.
Let us consider the subset A of KX
3
defined in the following way:
∀a ∈ KX3 (a ∈ A ⇐⇒ a
−1({0}×(N∩O))∪a−1({1}×(E))∪a−1({2}×(−N∩O)) is finite).
It is easy to verify that A is a subalgebra of KX
3
, but A/Rad A  {0, 1/2, 1}X is not
embeddable in A.
With reference to the diagram (6), we can prove
Theorem 6.5. A locally retractive algebra A has retractive radical if and only if
( j′ ◦ i′)[A/RadA] ⊆ i[A].
Proof. If A has retractive radical, then the arrow j in (6) exists, and j′ ◦ i′ = i◦ j, hence
( j′ ◦ i′)[A/RadA] = (i ◦ j)[A/Rad A] ⊆ i[A].
Reciprocally, if ( j′ ◦ i′)[A/RadA] ⊆ i[A], then is well-defined the map
j : a/Rad A ∈ A/Rad A 7→ i−1(( j′ ◦ i′)(a/RadA)) ∈ A,
and it is easily seen to be an MV-algebra embedding. 
We conclude this section with a technical lemma that will be used in the next sec-
tion.
Lemma 6.6. Let A ∈ MVlr and, for all M ∈ Max A, let G(M/OM) be the ℓ-group
completion of the cancellative lattice-ordered monoid 〈M/OM,⊕, 0〉. Then, for all M ∈
Max A, the mapping
a/OM ∈ A/OM 7→ (̂a(M), gaM) ∈ Γ(RM ×lex G(M/OM), (1, 0)),
where gaM = (
a
OM
⊖ a
M
) − ( a
M
⊖ a
OM
) ∈ G(M/OM), and 〈RM, 1〉 = Γ
−1(A/M) ≤ 〈R, 1〉, is
an MV-algebra isomorphism.
Proof. The statement follows readily from the definitions and Theorem 2.6. Indeed,
as we already observed, since A/OM is a local MV-algebra with retractive radical, it
is lexicographic. On the other hand, A/M is, up to a unique isomorphism, an MV-
subalgebra of the standard MV-algebra [0, 1]. Therefore, according to Theorem 2.6,
A/OM  Γ(RM ×lex G(M/OM), (1, 0)).
So, in accordance with the proof of Theorem 2.6, and with an abuse of notation, we
can see each element a/OM of A/OM as
a
OM
=
(
a
M
, gaM
)
= (̂a(M), gaM).

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7 MV-sheaf Representation
In this section, we shall prove our main theorem. The most important tools for our
representation, besides those presented in the previous sections, are some results on
lexicographic MV-algebras [9], and the Filipoiu and Georgescu sheaf representation
[17]. Throughout this section, A will always denote a locally retractive MV-algebra.
In order to represent this class of MV-algebras by means of an MV-space, let us
consider the following functors.
1. Let (X, τ) be an MV-topological space and (X,B(τ)) its corresponding skeleton
topological space defined in [25], where B(τ) = τ∩{0, 1}X . As usual, we consider
the posets τ and B(τ) with their natural order as categories, that is, the objects are
the elements of τ and B(τ) respectively, and the morphisms are given by α ≤ β
in τ and U ⊆ V in B(τ), respectively. The following map obviously defines a
covariant functor:
Sk : τ −→ B(τ)
α 7−→ supp(α)
For α ≤ β, we have the unique morphism α
f
−→ β in τ, and its corresponding
morphism supp(α)
Sk( f )
−→ supp(β) in B(τ) is also uniquely determined, because
α ≤ β implies supp(α) ⊆ supp(β).
2. According Filipoiu and Georgescu’s representation [17], each MV-algebra A can
be represented as the MV-algebra of global sections of a sheaf whose stalks are
local MV-algebras and the base space is the space of maximal ideals of A with
the Zariski topology, O(Max A). The associated sheaf in that representation is
the following contravariant functor:
F : O(Max A) −→ MV
U 7−→ A/OU
,
where OU =
⋂
M∈U OM , and the unique morphism between two open sets (if
it exists) is sent to the natural projection between the corresponding quotient
algebras.
3. We recall the category ℓGAb whose objects are Abelian ℓ-groups and whose mor-
phisms are ℓ-group homomorphisms. The following mapping defines a functor
from the category of MV-algebras to the category ℓGAb:
G : MV −→ ℓGAb
A 7−→ G(Rad A)
,
where G(Rad A) is the Abelian ℓ-group generated by the ordered cancellative
monoid (Rad(A),⊕, 0). Actually, G(Rad A) = D(A) where D is the inverse of
the functor ∆ : ℓGAb −→ MVperf between Abelian ℓ-groups and perfect MV-
algebras presented in [13] (note that the groupD(A) can be constructed for any
MV-algebra A, not necessarily perfect). The action on morphisms of the functor
G is exactly the same as forD.
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Now, for each α ∈ τA, by Proposition 4.3 we have that supp(α) ∈ O(Max A). So,
set Aα := F(supp(α)) for each α ∈ τA.
Proposition 7.1. The mapping
H : τA −→ ℓG
Ab
α 7−→ G(Rad(Aα))
is an MV-sheaf.
Proof. H is obviously an MV-presheaf. On the other hand, in the construction per-
formed by Filipoiu and Georgescu, the stalks are the local algebras A/OM . Then, for
each M ∈ Max A,
lim
M∈supp(α)
F(supp(α)) = A/OM
Such a limit can be extended to the presheaf H on the category ℓGAb, thus obtaining the
following two limits:
lim
M∈supp(α)
Rad(F(supp(α))) = Rad(A/OM)
and
lim
M∈supp(α)
H(α) = G(Rad(A/OM)).
Since Rad(A/OM) = M/OM for each M ∈ Max A, it follows that H is an MV-sheaf
on ℓGAb where the stalks are the ℓ-groupsG(M/OM). 
We shall now present the MV-sheaf space associated to the MV-sheaf above.
Proposition 7.2. Let
HA = {(gaM ,M) : a ∈ A,M ∈ Max A},
and
π : HA −→ Max A
(gaM,M) 7−→ M
.
Then the triple (HA, π,MaxA) is an MV-sheaf space whose total MV-space, HA, is the
disjoint union of the stalks HM = G(M/OM).
Proof. For each a ∈ A we define:
a˜ : Max A −→ HA
M 7−→ (gaM,M)
It is clear that (π ◦ a˜)(M) = π(gaM,M) = M for all M ∈ Max A.
As usual in sheaf representations, we shall use {˜a→(̂b)}a,b∈A as a subbase for an
MV-topology on HA, where
a˜→(̂b)(gcM,M) =
∨
a˜(N)=(gcM ,M)
b̂(N) =
{
b̂(M) if gaM = gcM
0 otherwise
.
Let us see that αa,b := {M ∈ Max A : gaM = gbM} is an element of O(Max A). If
gaM = gbM, we have the following cases:
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- If a
OM
= b
OM
then
(
a
M
, gaM
)
=
(
b
M
, gbM
)
. Hence a
M
= b
M
and, therefore,
αa,b = H(d(a, b)) ∈ O(Max A).
- If a
OM
,
b
OM
then necessarily a
M
,
b
M
. That is a
M
< b
M
or b
M
> a
M
. Since A/OM
has a lexicographic order, this implies that a
OM
< b
OM
or b
OM
> a
OM
. Therefore
there exists c ∈ A such that a
OM
= b⊕c
OM
or a⊕c
OM
= b
OM
. Hence
αa,b =
⋃
c∈A{M ∈ Max A :
a
OM
= b⊕c
OM
} ∪
⋃
c∈A{M ∈ Max A :
a⊕c
OM
= b
OM
} =
=
⋃
c∈A H(d(a, b ⊕ c)) ∪
⋃
c∈A H(d(a ⊕ c, b)) ∈ O(Max A)
.
As a consequence, each αa,b is an element of τA, and this guarantees that (HA, π,MaxA)
is indeed an MV-sheaf space. 
The MV-sheaf defined above is an MV-sheaf of lattice-ordered Abelian groups. We
want to obtain a representation of the MV-algebra A through this MV-sheaf.
First, let us consider for each a ∈ A, the function a˜ restricting the codomain HA
to its image Im(˜a) = {(gaM,M) : M ∈ Max A}. Actually, the new a˜ acts exactly like
the previous one on the elements of the domain, so we shall use the same notation for
them. Then, we have the bijective maps:
a˜ : Max A −→ Im(˜a)
M 7−→ (gaM,M)
and for each basic open set â in Max A we have the open fuzzy set a˜→(̂a) in HA satis-
fying
a˜→(̂a)(gaM,M) =
a
M
, for each (gaM,M) ∈ Im(˜a).
Now, let us consider the inverse of the graphic of a˜→(̂a) given by
a := G−1(˜a→(̂a)) =
{(
a
M
, gaM
)}
M∈Max A
.
Definition 7.3. Let A = {a : a ∈ A} . We define the structure (A,⊕,∗ , o) with the
operations and the constant defined as follow:
for each a, b ∈ A,
(i) o := G−1(˜0→(̂0))
(ii) a ⊕ b := G−1(a˜ ⊕ b
→
(â ⊕ b))
(iii) a∗ := G−1(a˜∗
→
(â∗)).
Theorem 7.4. (A,⊕,∗ , o) is an MV-algebra.
Proof. Let us see that A satisfies the equations defining MV-algebras, as listed in [5,
Definition 1.1.1].
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(MV1)
(a ⊕ b) ⊕ c =
{(
(a ⊕ b) ⊕ c
M
, g((a⊕b)⊕c)M
)}
M∈Max A
=
{(
a ⊕ (b ⊕ c)
M
, g(a⊕(b⊕c))M
)}
M∈Max A
= a ⊕ (b ⊕ c)
(MV2)
a ⊕ b =
{(
a ⊕ b
M
, g(a⊕b)M
)}
M∈Max A
= =
{(
b ⊕ a
M
, g(b⊕a)M
)}
M∈Max A
= b ⊕ a
(MV3)
a ⊕ o =
{(
a ⊕ 0
M
, g(a⊕0)M
)}
M∈Max A
=
{(
a
M
, gaM
)}
M∈Max A
= a
(MV4)
(a∗)∗ =
({(
a∗
M
, g(a∗)M
)}
M∈Max A
)∗
=
{(
(a∗)∗
M
, g(a∗)∗M
)}
M∈Max A
=
{(
a
M
, gaM
)}
M∈Max A
= a
(MV5)
a ⊕ o∗ =
{(
a
M
, gaM
)}
M∈Max A
⊕
{(
0∗
M
, g0∗M
)}
M∈Max A
=
{(
a ⊕ 0∗
M
, g(a⊕0∗)M
)}
M∈Max A
=
{(
0∗
M
, g0∗M
)}
M∈Max A
= o∗.
(MV6)
(a∗ ⊕ b)∗ ⊕ b =
=
{(
(a∗ ⊕ b)∗
M
, g(a∗⊕b)∗M
)}
M∈Max A
⊕
{(
b
M
, gbM
)}
M∈Max A
=
{(
(a∗ ⊕ b)∗ ⊕ b
M
, g((a∗⊕b)∗⊕b)M
)}
M∈Max A
=
{(
(b∗ ⊕ a)∗ ⊕ a
M
, g((b∗⊕a)∗⊕a)M
)}
M∈Max A
=
{(
(b∗ ⊕ a)∗
M
, g(b∗⊕a)∗M
)}
M∈Max A
⊕
{(
a
M
, gaM
)}
M∈Max A
= (b∗ ⊕ a)∗ ⊕ a.
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
Theorem 7.5. The MV-algebras A and A are isomorphic. So, any locally retractive
MV-algebra is isomorphic to the algebra of global sections of an MV-sheaf of Abelian
ℓ-groups.
Proof. The natural map Ψ : a ∈ A 7−→ a ∈ A preserves the operations ⊕,∗, and the con-
stant 0. Indeed, by Definition 7.3, for each a, b ∈ A, Ψ(a ⊕ b) = G−1(a˜ ⊕ b
→
(â ⊕ b)) =
a ⊕ b = Ψ(a) ⊕ Ψ(b), and Ψ(a∗) = a∗ = (Ψ(a))∗. Analogously, we have that Ψ(0) = o.
It is clear that Ψ is a surjection, and let us prove that Ψ is injective. Let a, b ∈ A, and
suppose that Ψ(a) = Ψ(b), that is,
{(
a
M
, gaM
)}
M∈Max A
=
{(
b
M
, gbM
)}
M∈Max A
,
then for each M ∈ Max A,
(
a
M
, gaM
)
=
(
b
M
, gbM
)
,
that is, a
OM
= b
OM
for every M ∈ Max A, then d(a, b) ∈ OM for every M ∈ Max A. So
a = b because
⋂
{OM : M ∈ Max A} = 0. 
Theorem 7.5 gives us a complete representation of locally retractive MV-algebras.
On the other hand, thanks to [11, Theorem 4.5] and Lemma 6.2, we obtain the following
two immediate corollaries.
Corollary 7.6. Every MV-algebra A is isomorphic to a subalgebra of an algebra with
retractive radical.
Proof. Since
⋂
M∈Max AOM = {0}, A is subdirectly embeddable in
∏
M∈Max A A/OM,
and A/OM is a local MV-algebra, for all M ∈ Max A, because the OM’s are primary
ideals. By Theorem 4.5 of [11], each A/OM can be embedded in a local MV-algebra
with retractive radical BM, hence
∏
M∈Max A A/OM is embeddable in the algebra B =∏
M∈Max A BM which, on its turn, has retractive radical by Lemma 6.2. The assertion
follows. 
It is worth noticing that Corollary 7.6 could be obtained also as an immediate con-
sequence of Di Nola’s Representation Theorem [10], since powers of ultrapowers of
[0, 1] have retractive radical. Nonetheless, the way such an embedding is obtained in
our proof, makes the embedding of the following result much clearer; moreover, the
embeddability of any MV-algebra in an algebra with retractive radical has never been
explicitly stated before, to the best of our knowledge.
Corollary 7.7. Every MV-algebra A can be embedded in the algebra of global sections
of an MV-sheaf of Abelian ℓ-groups.
Proof. With reference to the previous proof, A embeds in B which is isomorphic to the
algebra of global section B as in Definition 7.3. 
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